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Theoretical Analysis on Wake—induced Vibration of
Suspension Bridges Hangers Based on Unsteady Theory

LI Shouying,XTANG Linlin, DENG Yangchen'
(Key Laboratory of Wind and Bridge Engineering (Hunan University) of Hunan Province, Changsha 410082, China)

Abstract:In order to investigate the mechanism of wake—induced vibration of the suspension bridge hangers,
and to verify the applicability of quasi—steady assumption in the research of the wake—induced vibration, a series of
wind tunnel tests for two parallel circular cylinders were carried out to measure the aerodynamic derivatives of the
downstream cylinder. Second, a theoretical analysis model of wake—induced vibration of the downstream cable was de—
veloped on the basis of the unsteady theory, and the Runge—Kutta method was adopted to numerically solve the motion
equations to obtain the responses of wake—induced vibration. The results show that obvious oscillations of the leeward
cable take place in the spatial region of 5.2<X=<5.6 and 1.1<<Y <2.1, and the vibration frequency of cable is slight—
ly less than its natural frequency. A positive work within a period is always done by the aerodynamic stiffness force if
large amplitude vibration of wake—induced vibration takes place, which indicates that the aerodynamic stiffness force
is the key factor to evoke the wake—induced vibration of the leeward cable. Moreover, the results based on the quasi—
steady theory show small variation when compared with those based on the unsteady theory, and the wake—induced
vibration mechanism obtained by the two theories is consistent.
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Fig.3 Contours of the aerodynamic derivatives of the leeward cable

2 BREREHFHE

e i AR B AN Sy, e 2 IR Ab R v
H R IR, 20 50 A XU i R XU, a0 18] 4 s
HENT ARBRIH oy, S5 AL TFAE R B, Fiy T
Tia) 43 AR ) RO XU, DR AE » 1y 17
W AL 5 R w() Ao (e), B IR R B L PER
A HNES) (kow 0 kyo) (BHIE TT (e e, ) ABIVET)

MR
B4 WERDRRRBIREARE
Fig.4 Theoretical model for the wake—induced

MR

vibration of the twin—cable hanger

TEIE] 4 Frs i 1 F RO RN |, R IR By
(538 ST IT R R -

i+ 2w+ u= L F, (4)
m

B+ 2w+ = LF. (5)
m

TR, Wi R T RERRBAS

B FRF N
F :%pm)( Cpcosa—Cysina )+

pD[(w, P\ i+ Ps u+w,Ps v+ Psv )cosa—

(6)

(w,Hp+w!Hiv+wH; i+w; Hu)sina],

F).:;—pﬁ,zD(a) sina+C; cosa )+

pD[(w, P\ i+w; P u+w,Ps v+ Psv )sino+
(w,Hit+o: Hiv+o Hs ivw. Hiu)cosa].  (7)
Ko U, o R X R It 28 B 1 ) 3 RE X XU 5 €
PURFSRGE U #E17 Te i AR T2 01 250 C
PURTIAGE U 17 To i WAL T2 01 R 5L
Jry AT K U, 5 Je 88 XU A K It 3 i
B K
U=\ (U-0)+v". (8)
3(6) (7)) HHIE 5% RN 5% R AR LA K LU Jy il A
T ML 8h 01 25 (Cy A COTTEAT IR
g .

sin o = U (9)

cos o = Uau; (10)

UC.=UC,, (11)

UCy = UC,y. (12)
EXSH L IE

b= (C])/C])w)]/z- (13)

A o N R R BANTE FFR R R VE RSN H
)E'%Z\é“ﬁl,ﬂl Cl)ao =1.2.
U = (U*Cy/Cpo)™ = Ub.
BA(8)~(14MCARIAZ(6)(7)TTF4:
F=L1opV (bUZ})Z“}Z [(bU=i)CorCui |+

2

(14)

2
T%[(@,PY it P utw,Psv+wl Piv)
\V (bU-i ) +0
(bU-it)+(w, H v+olHiv+o Hs ivwl How)o],

(15)



5114

RIS B R BB E WL 5

F_LpD (bUbl;) +v [—C])U+C],(bU—u)]+

I 2
P (e Hite HivtoH it Hiu)
V- )+t
(bU-it)—(w,Pr i+w; Pi u+w,P5 o+ Pev i)
(16)
Kb €y G 53R RIBE I A8 T ) R 8, R
FHSCHRI 197 XU a6 458
& H Runge—Kutta JEEUER iR 7 HE (4)(5),15%
| & Ut 2 B ).
TR, ghH TR T HELSHE AR RN
R R #RE, A= (17) (18) sl

— )2 <2
F= Lo <bUbl;> O (b U=-0)CorCri]

’

(17)
F = %pD \/W [-Coi+Ci.(bU=-i2)]
(18)
3 HEHEH

3.1 ERERIRNFE
MR SHEE VIR TTERFRRERLRS
B, HAASHOLER 2. BIRRBRLEE m, =m, =31
kg/m, BBEE AL D = 0.088 m , JIFUXL i) A XU 45 F4 45
K f.=f=0.40 Hz, 5B EL &, = &, = 0.1% , KA
U =10 m/s, =5 p = 1.225 kg/m'.
F2 BREWSH

Tab.2 Structural parameters of the cables

E e Ciinsg U
iy m,,m, 31 kg/m
B D 0.088 m
i Soofs 0.40 Hz
FiLE £LE 0.1%
K U 10 m/s

ZEHEE 1 e R R R RS R E0
23[RV R L 7E S<X <7.0<Y <4,[a]lE AX=AY=0.1
23 [A)50 Fl AT T BUE AL, 211 861 MR T,
[, PPl R # A sh B O g2, 2Bk Ak
JE RN AE B ARG FE i 2R IR 2l 1 R4 T T 4K
fHIT5.

B 5 g5 TR TR 5 R 5 PR e A

B TS5 2 0 R I 2R B e R i AR sl i %
2 A g L. NEL S AT B TE 5.2<X < 5.6,
1.2<Y <2 KSR PIFP BRI 15045 21 19 B2 i 2 ik
PIgAE T HBARS), H, R H Ehasa 5315 2
F I RYRIE LR 1.35D , WA & PSR A 3]
M RIRIE 1.03D. FEPRBII B A X3RN, AP ES
BT BT B 1) 2% B i) R Sl 400 3 14T s /N T [ A
FORWATTREA N TNIEELATE. B/ 6 7 ill2h T 3k
TR B AEE # A EIS R B AR 1Y X=5.4
Y=1.6 T.0UAb R IR BB B FEFLZ Sk, MIE 6
Hn] A BT A B AR AR A 3 4R 1
KFHEH HIARA A5 R, BIRERE il
FIEIRITE £ 6]

1.2

05

(a) PRI (e 5 H AR )

0.400
0.395
0.390
7.040.385
0.380

1.0
0.8

05
(o )RR (S H A )

0.400
0.42; 0.395
“\gigg( 0.390
0.3¢: ; 0b0.385

0.380

(b )R (HERE HEBERL)
B 5 RIRE RIS F IR F S 5 A A
Fig.5 Space distribution of the amplitude

and frequency of the leeward cable



6 R RS A4 (A AR BE R0

2020 4F

tls
(b) PR IR (MR B AR H )

1.0
R
o AT H B
0.5
Q
T 0
-0.5F
~1.0 L L L L
-1.0 -0.5 0 0.5 1.0 1.5
u/D
()i Zh#ik

B 6 X=54,Y=1.6 TOURR K RAzA 0 A2 5 35 Zh Ptk
Fig.6 Time histories of the displacements and stable trajectory

of the leeward cable in the case of X=5.4,Y=1.6

3.2 ERZFRIRSNIIE

FEU AR B A R T BRI (4128 2 e 7R 2 L
K7 s, Hor, i1 00 R IR BRI A6 17 8, W B
BUBR G R 0, MR BN S IO E, KOs
TR A E S LA 2 B o

MU E S mRE AR, ERER
e b Bl TR T Z AN, N BRI iR
e R B I =0 SR TE G
TN F SABAHRBEINIE T F, A5
HBEANCHTBILES) Fo o e W BT o

R R WA B AL IR T2 B8l Ty, <8
NIEET) F, FISBIRIE TT Fa 2050 FT B2 2(19)(20)
THEARFR,

F.(05) = F,.(03) - F,,(0)), (19)

Fad(03) :Fa(03)—Fam(01)—Fas(03)- (20)
K F,.(00) B F,(0,) 5030 B R KALE S 0, F
O A B AL 1 E I I 32 20 0 2 s 015 F.(05) W
RIRAE S 05 iz 3t B b i3z 2 8 <3h 1, fT i
AR(15)~(18)1H45455.

/////

¥ ! \ .
( - - ‘
O ]

MR
A7 RiREREHMRETER
Fig.7 Sketch map of the trajectory of the leeward cable

P 8 FIIIET 9 233l 4 1 5 TR b A E H A
G IBE oy itha g R e O i I W13} =ik e |
JEI ARSI Jrms . I 8 FilEl 9 i LI
Fe T RS TR B B BN AR BikLe
T3 VAR W BSR4 RN, Rl 2 < Eh e ).
B L, BT PR BE AR S B 8 TSN
JE N BIE TR,

TERE BN 77 45 4L o3 RS 73 25 i Bk Al L, 2
BB A T b, BRI R I
FEVRERALEE. & 10 25 7 THEE e E WP
P EE ARG R Y ML TR R B— MR E
BB TEIRIE T RSB J L KR
JE DRI, X T4 RHIE Jy , 56T w2
WA RSB DRI ZO T, RWZEHRLE )
FE— I RS R SR A o 2. % BN
PR B AT 3 1Y 25 R R TE — IR 3 A
SN BN EE 3 R R B 2. X T B BLE
07, BT W BRI RAR R R DR IR N 11,
T AR W ES RN AR R R DR AU BLEE
i H B (R, BSOS T, it 2 i B A7)
SRR THOEDIRY S, KW BhEE I fE—A A
WA IR B A2, Zra Lo, B TR # A
HERE B AP B RRHSAR 2 i) R IR SR LB 2 —
2, B EIIR th Bl i KA.



5511 REAFIEAE B R R B R ERAR 2 W B

3.0
25
2.0
z 15
= 1.0
05 ¢
0
-05 S

t/s

(a)X=54,Y=14 (b)X=54,Y=16 (e)X=54,Y=138

B8 AHAEAIE

Fig.8 Time histories of the aerodynamic stiffness forces

tls

tls tls
(a)X=54,Y=14 (b)X=54,Y=16 (c)X=54,Y=18
A9 AR
Fig.9 Time histories of the aerodynamic damping forces
O3 g TS 04 iy
0.2} ~CHIBES 02} AN 03[ =S £ %
RN

EERIBLE ) ~ 0] “EHBR TS

o
oo
oo
0o
.00

P/(Nem*s™")

P/(N+m-s*

0.5 10 15 20 25

N
n
(=]

tls tls tls
(a)AEEWHILE(X =54,V = 1.4) (S HHILkE(X =54,V = 1.4) ()AEERWHILE(X =54,Y =1.6)
0.4 0.5 0.5
[ BN T 0.4~ RBIBIETy 0.4l @ BRI
031 o <ghbiLfe ) e ) LB g
02} - ZEHaBLIE ) ~ O30 gkge 031 gHiybre 4
w 0.27 o ‘Tm 0.2 £

s

PI(N-m-s™t)

E 0.1‘3%% ey L& Foag
L5 O e

. z ‘4 &
T < 0 Y &1 Sp < [ e . ﬁt’l’,’?#gl;wﬂ
X %, & 9 & Sy
28
w 027
: i ; . . ; . 03 . .
15 20 25 10 15 20 25 0 05 10 15 20 25
tls tls tls
(DHEEFHILKE(X =54, = 1.6) (e)IEEFHILE(X =54, =1.8) (OHEEHHILE(X =54, =1.8)

B 10 AFHRE S  AZH LR F1 R LEH TR 4 o B A2

Fig.10 Energies per unit time of the structural damping, aerodynamic stiffness and damping forces



8 R R AR (A AR B R)

2020 4F

4 & &

AT T —RFI AR, RS2 R R K
S FE S B0, FEMERE LT T R IREUR
5 W ELS TR AL, R Runge—Kutta ZU{E oK
fift T A, A5 3] B BRI, % T B R PR A T
SIATIESY, -5 B XS N A S Sk T T X
LT AR BT AL

DIES52<X<5.6.1.1<Y <21 X, EMEK
BT BRYRIESR S, HAR & ARSI X IR P , k20
I/ INT A AR,

2)FE— AR RSN RN, KB WIE OE ),
TS BN T 2 R TR R T R ) G R =R
R EE R BN 73K 5.

3)MEE ARSI Sk WA AT A4,
WIS BT, FRUIMEE B BRI -Hb S 2 i Bk
FERHIE.

S 3k

[1] FUJINO Y,KIMURA K,TANAKA H. Wind resistant design of
bridges in Japan:developments and practices [M]. New York:
Springer,2012:200—202.

[2] LAURSEN E,BITSCH N, ANDERSEN ] E. Analysis and mitigation
of large amplitude cable vibrations at the Great Belt East Bridge [ J .
TABSE Symposium Report,2006,91(3) :64—71.

(3] BRECHE, &0, RIER, 55, KBS R RN MR IBIRB AT S
LT ] R R4 (A AR, 2016,43(1) : 1—10.
CHEN Z Q,LEI X,HUA X G,et al. Research and application of
vibration control method for hanger cables in long—span suspension
bridge
2016,43(1):1—10. (In Chinese)

[4] LIY L,TANG H J,LIN Q M,et al. Vortex—induced vibration of

suspenders in the wake of bridge tower by numerical simulation and

[J]. Journal of Hunan University (Natural Sciences),

wind tunnel test [J]. Journal of Wind Engineering and Industrial
Aerodynamics, 2017, 164:164—173.

[5] CHENW L,GAOD L,LI H,et al. Wake—flow—induced vibrations of
vertical hangers behind the tower of a long—span suspension bridge
[J]. Engineering Structures,2018,169 : 188—200.

(6] SRAGH, S M, B 55, Bk m AT WA AR S s iR i
HEAIERLY |, WIRE RS2 CFLARBR2 R0, 2016, 43(1):11—19.
ZHANG Z T,WU X B,GE Y J,et a. Wind induced internal
resonance and the control method of suspension bridge hangers [ J].
Journal of Hunan University (Natural Sciences),2016,43(1):11—
19. (In Chinese )

(7] BHEREHH BER,F BB MRERBIRA RN
PRIk L) ). PR3h TARA4R, 2019,32(1) : 10—16.

LISY,HUANG J,DENG Y C,et al. On the wake—induced vibration

of hangers of suspension bridge by elastic wind tunnel tests [J].

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

Journal of Vibration Engineering, 2019, 32 (1): 10—16. (In
Chinese )

KSR, B FF, AN, S IR RN MR I E T
WRFELT ] AR TR, 2019,52(1) :86—92.

DENG Y C,LI S Y,YAN J T,et al. A comparative study on the
aerodynamic stability of two kinds of hanger of suspension bridge
[J]. China Civil Engineering Journal, 2019, 52 (1): 86—92. (In
Chinese )

PRICE S J. Wake induced flutter of power transmission conductors
[J 1. Journal of Sound and Vibration, 1975,38:125—147.

KO R G. A wind tunnel investigation into the aerodynamic stability
of bundled conductors for Hydro —Quebec [R]. Ottawa: National
Research Council , 1973.

WARDLAW R L,COOPER K R,KO R G,et al. Wind tunnel and
analytical investigations into aeroelastic behavior of bundled
conductors [J]. IEEE Transactions on Power Apparatus and
Systems, 1975,94(2):642—651.

SIMPSON A. On the flutter of a smooth circular cylinder in a wake
[J]. Aeronautical Quarterly, 1971,22(1):25—41.

TSUIL Y T,TSUI C C. Two dimensional stability analysis of two
coupled conductors with one in the wake of the other [ J]. Journal of
Sound and Vibration, 1980,69 :361—394.

PRICE S J,ABDALLAH R. On the effect of mechanical damping
and frequency detuning in alleviating wake —induced flutter of
overhead power conductors [J]. Journal of Fluids and Structures,
1990,4(1):1—34.

HARDY C,DYKE P V. Field observations on wind —induced
conductor motions [J]. Journal of Fluids and Structures, 1995,9
(1): 43—60.

HUSE E. Experimental investigation of deep sea interaction [ C ]/
Proceedings of the 28th Offshore Technology Conference. Houston,
TX: Offshore Technology Conference, 1996 :367—372.

BRIKA D, LANEVILLE A. The flow interaction between a stationary
cylinder and a downstream flexible cylinder [J]. Journal of Fluids
and Structures, 1999, 13(5):579—606.

SAGATUN S I, HERFJORD K,HOLMAS T. Dynamic simulation of
marine risers moving relative to each other due to vortex and wake
effects [J]. Journal of Fluids and Structures,2002,16(3):375—
390.

BLEIVINS R D. Forces on and stability of a cylinder in a wake [J].
ASME Journal of Offshore Mechanics and Arctic Engineering,
2005,127:39—45.

BOKANIAN A,GEOOLA F. Proximity —induced galloping of two
interfering circular cylinders [J]. Journal of Fluid Mechanics,
1984,146:417—449.

LIS Y,XIAO CY,WU T,et al. Aerodynamic interference between
the cables of the suspension bridge hanger [J]. Advances in
Structural Engineering,2019,19(5) : 481—503.

LIS Y,CHEN Z Q,SUN W F,et al. Experimental investigation on
quasi-steady and unsteady self—excited aerodynamic forces on cable
and rivulet [J ]. ASCE Journal of Engineering Mechanics, 2016, 142
(1):06015004.

RIS FRAEITARLM ], dbst: N R3S A, 2005 : 56—59.

CHEN Z Q. Wind engineering of bridge [M]. Beijing:China
Communications Press,2005:56—59. (In Chinese)



