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Spline Finite Point Method for Free Bending Vibration
Analysis of Rotating Tapered Euler-Bernoulli Beams
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Abstract: Based on the Euler-Bernoulli beam theory (EBT), a new model for {ree bending vibration
problems of rotating tapered beams using spline finite point method (SFPM) was investigated. The beam
was discretized by a set of uniformly scattered spline nodes along the beam axis direction instead of me-
shes, and the displacement field was approximated by the cubic B-spline interpolation functions. Both of
the variations of cross-sectional dimension and the rotating centrifugally stiffened effect were considered in
the proposed model, and the global stiffness and mass matrices of the structures were deduced based on the
Hamilton principle. Computer programs were compiled to study the dynamic properties of rotating tapered
beams. The finite element model (FEM) for the rotating tapered beams by using ANSYS was also built for
validating the proposed model. The results show that the present results agree very well with the results of

other reported literatures and the FEM, and the proposed model has the advantages of good computational
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accuracy, high modeling efficiency, simple boundary conditions, and convenience for compiling computer

program. It is capable of studying the free bending vibration of rotating tapered beams with the variation of

boundary conditions, taper ratios, cross-sectional types, rotating speeds, and hub radius. Both the taper

ratios and rotating speeds have important roles on the dynamic properties of rotating tapered beams

through parameter analysis.

Key words: Euler-Bernoulli beam theory; rotating tapered beam; free bending vibration; spline finite

point method
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Fig. 1 Sketch of rotating tapered beams
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Fig. 2 Spline discretization

of rotating tapered beams
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Fig. 3 Finite element model for tapered beams
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Tab.1 Non-dimensional frequencies for rotating tapered cantilever beams with respect to variation of spline node number N
co = 0,A=0 co =0.5,A =25
N
@1 @32 w3 w1 w2 @3
5 3.516 1 22.049 1 62.110 4 7.290 2 22.6459 51.934 3
15 3.516 0 22.034 6 61.700 7 7.290 1 22.636 1 51.694 8
25 3.516 0 22.034 5 61.697 6 7.290 1 22.636 0 51.692 2
SRk AL 3.516 0 22.034 5 61.697 2 7.290 1 22.636 0 51.691 8
FEM 3.516 6 21.881 5 60.591 2 7.289 0 22.567 5 51.226 7
co = 0.5,A =10 co = 0.8,A=10
"""""""""" 5. 1L9417 300340  60.2116 13,0550  28.0815 50.7295
15 11.941 5 30.030 0 60.042 4 13.055 0 28.075 3 50.498 2
25 11.941 5 30.029 9 60. 040 2 13.055 0 28.075 2 50.496 0
ik e L) 11.941 5 30. 029 9 60.039 9 13.055 0 28.075 2 50. 495 6
FEM 11.936 5 29.964 7 59.613 9 13.049 9 28.034 4 50.285 3
First Mode Second Mode
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Fig.4  The variation of non-dimensional frequencies @, of rotating tapered cantilever beams with respect

to spline node number N (¢, = 0.8,mr = 2,6 = 0,4 = 10)
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Tab.2 Non-dimensional frequencies @; of rotating uniform beams (¢, = 0,5 = 0,1 = 5)
P-P C-C C-F
! SFPM ST AL FEM SFPM Sk AL FEM SFPM Sk At FEM
@1 13.095 4 13.095 3 13.074 2 24.544 3 24,544 2 23.467 7 6.449 5 6.449 4 6.448 1
w2 43.352 1 43.351 3 42.978 8 64.804 4 64.801 2 63.877 7 25.446 2 25.446 1 25.304 1
@3 92.866 1 92.856 1 90.936 9 124.392 8 124. 366 7 122.858 3 65.208 3 65.205 0 64.146 8

RI3 o TUNRRTHASERTENGERY o BFM (0 =0,1=75)

Tab.3 Effect of taper ratio ¢, on non-dimensional frequencies o, for rotating tapered cantilever beams (§ = 0,1 = 5)

mr =1 mr = 2
o @i - - - - - -
@1 @2 3 @1 w2 w3
SFPM 6.539 1 24.096 2 24.347 9 59.979 3
0.2 SCHik gL 6.539 1 24.096 1 24.347 8 59.976 3
FEM 6.538 2 23.991 2 59.184 3
""""""""""" SFPM  6.6621 22,6613 8 525 9
0.4 SC ki L 6.662 1 22.661 2 53.979 0 7.049 8 23.208 9 54.523 0
FEM 6.661 5 22.587 5 53.433 5 7.048 8 23.128 9 53.959 1
""""""""""" SFPM  6.8454  21.1208  47.7507  7.5972  22.0804 48.7828
0.6 Sk g L 6.845 4 21.120 7 47.747 8 7.597 2 22.080 3 48.779 7
FEM 6.845 1 21.072 0 47.398 8 7.596 0 22.022 9 48.404 6
""""""""""" SFPM  7.1628  19.4849  40.7756 85700 21.2523  42.7593
0.8 ik fig 7.162 8 19.484 8 40.772 6 8.570 0 21.252 1 42.755 8
FEM 7.162 6 19.455 1 40.580 9 8.567 8 21.211 3 42.533 4

R4 o BUNEERTHEEAIRNEIRTENGTERZY o IFMW (0 =0,1=175)

Tab.4 Effect of taper ratio ¢, on non-dimensional frequencies o; for rotating tapered P-P and C-Cbeams (6 = 0,1 = 5)

mr = 1 mr = 2
Jﬂ% Co _ _ _ _ _ _
w] w2 w3 w] w2 w3

P-P 0.2 SFPM 12.075 6 39.280 2 83.724 1 11.903 0 39.043 8 83.473 9
FEM 12.060 0 39.015 8 82.336 5 11.887 9 38.776 2 82.080 0

0.4 SFPM 10. 955 5 34.983 7 74.039 1 10.561 6 34.566 9 73.630 5
FEM 10.945 5 34.806 9 73.102 9 10.550 6 34.384 7 72.679 7

0.6 SFPM 9.679 7 30.338 2 63.513 1 9.015 1 29.836 4 63.091 0
FEM 9.673 1 30.230 7 62.939 4 9.007 3 29.72 2 62.496 2

0.8 SFPM 8.115 4 25.024 8 51.400 5 7.174 5 24.652 5 51.263 0
9 50. 928 0

22.254 1 58. 9720 22.144 2 3023 111.767 0

FEM 21. 064 6 57.556 9 111.111 8 21.119 5 57.607 6 111.154 0

(—5.35%) (—1.58%) (—0.77%) (—4.63%) (—1.19%) (—0.55%)

0.4 SFPM 19.812 5 51.732 5 98.714 5 19.636 0 51.436 9 98.373 3
FEM 18.462 0 50.671 5 98.198 0 18.645 6 50.860 5 98.380 6

(—6.82%) (—2.05%) (—0.52%) (—5.04%) (—1.12%) (0.01%)

0.6 SFPM 17.133 7 14.329 4 84.156 5 16.971 5 44.017 3 83.797 5
FEM 15.521 7 42.894 3 83.531 2 15.978 7 143.380 9 84.012 5

(—9.41%) (—3.24%) (—0.74%) (—5.85%) (—1.45%) (0.26%)

0.8 SFPM 14.004 2 35.688 6 67.157 7 14.062 4 35.619 3 67.098 4
FEM 11.752 9 33.190 0 65. 354 2 12.911 7 34.424 8 66.571 0

(—16.08%) (—7.00%) (—2.69%) (—8.18%) (—3.35%) (—0.79%)
TR RS BN FEM 5 SFPM #iR 22 b 35, 155 A 3 - (FEM-SFPM) /SFPM X 100 %.
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Fig. 6 Effect of rotational speed parameter A on dynamic properties of rotating tapered cantilever beams (nr- = 2,6 = 0,1 = 5)
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Tab.5 The effect of rotational speed parameter A on non-dimensional frequencies &;
for rotating tapered cantilever beams (¢, = 0.5,8 = 0)

A=0 A= 4 A=38
' SFPM kARl FEM SFPM kAl FEM SFPM kA FEM
mr=1 @  3.8238  3.8238  3.8242 5.8788  5.878 9 5.878 8 9.554 0 9.554 0 9.551 6
@ 18,3174 18,3173  18.2509  20.6853  20.6852  20.6224 26,5438  26.5437  26.485 1
@ AT.2679  47.2648 46,7961  49.6485  49.6456 49,1950 56,1621  56.1595 557448
mr=2 @  4.6252  4.6252  4.6246 6.4726 ¢ 6.4726 6.4718  10.0193  10.0193  10.0164
@ 19.5478  19.5476 194741  21.5750  21.5749 21,5057  26.7455  26.7454  26.680 3
@ 48.5821 48,5789  48.0922  50.5969  50.5939 50,1217 56,1968 56,1941  55.753 3
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Fig. 7 Effect of hub radius parameter § on dynamic properties of rotating tapered cantilever beams (mr = 1.,¢, = 0.5,4 = 2)
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Tab. 6 The effect of hub radius parameter § on non-dimensional frequencies &,

for rotating tapered cantilever beams (mr = 1,¢, = 0.5,1 = 2)
=0 0=2 0=25
! SFPM SR i L2 FEM SFPM C ik fig FEM SFPM FEM
@3 4.436 8 4.436 8 4.437 2 5.742 6 5.742 6 5.797 4 7.261 8 7.405 9
w2 18.936 8 18.936 6 18.871 5 20.473 1 20.473 0 20.701 5 22.577 0 23.246 1
w3 47.874 6 47.871 6 47. 408 3 49. 489 6 49. 486 6 49. 814 6 51.808 6 53.326 9
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